We obtain an algebraic solution for the depth variation of the source function S L (r) for resonance and strong subordinate lines by using the Eddington approximation plus the method of discrete ordinates. We show that if an observed line profile, produced in an atmosphere with the above Sl (r), is analyzed under the assumption of local thermodynamic equilibrium, an underestimate of T 6 (t) in the outer atmospheric layer results. The derived Sl(t) agrees in qualitative behavior with the source function found empirically by Athay and Thomas for the early Balmer lines of hydrogen.
I. INTRODUCTION
In earlier work, summarized and extended by Thomas (1957) , we have shown that a direct formulation of the source function for resonance lines and some strong subordinate lines leads to a form departing from that obtained for either local thermodynamic equilibrium (LTE) or coherent scattering. In this sense, all stellar atmospheres, not just stellar chromospheres, are non-equilibrium atmospheres.
An explicit determination of the line source function, Al, in an arbitrary case is a formidable problem, because of the necessity to solve simultaneously the equations of statistical equilibrium and transfer equations for several spectral regions and is amenable only to machine computation. In this paper we obtain some estimates of the deviation of Sl from by considering various simple cases for which explicit algebraic solutions are possible.
The source function for line formation may be written, formally, S L =B"AT ex )^, (i) (p v where and <p" are emission and absorption coefficients normalized so that fv> dv= f^f jvdv -1 and Tex is the Boltzmann temperature defined by the ratio of the occupation numbers of the two energy states of the transition. Quite generally we may write for a resonance line (Thomas 1957) J/^ + 6(l+^)^o (T e ) +2 (T ex ) = ,
1+e + r) where I" = 2 is the rate of photoelectric ionizations from the ground level, \¡/ and 7j are numbers <3C1, and e = 0.74 X lO 11^» «^7 2 ( 1 + X, 0 ) ( 1 -e~x-«) v»* f7*
667 JOHN T. JEFFERIES AND RICHARD N. THOMAS and may be written as the ratio of collisional excitations to radiative excitations computed at the electron temperature and is a very small number in the stellar atmosphere. In equation (3), (¿" 0 is the mean inelastic cross-section in atomic units; X" 0 , the energy in units of kT e ; and/, 0 , the oscillator strength of the transition vo. In those atmospheric regions where the cores of resonance lines are formed, is effectively unity out to some three Doppler widths from the line center (Thomas 1957), and equation (2) Since most current inferences on conditions in those stellar atmospheric regions above optical depth ^0.15 in the continuum have come from analyses of observed line profiles under the assumption Sl -B Vú (T¿), we wish to investigate the modifications which would result from the use of equation (2) for Sl-A wholly algebraic solution for Sl{t) from equation (2) is impractical because, at best, it involves the joint solution of two transfer equations, in the line and in the continuum. Yet an approximate solution is useful in demonstrating the physics involved in the change from S L -B Vo {T¿) to Sl from equation (2). Thus, since we have shown (Thomas 1957 ) that the term eB V(¡ (T¿) predominates over 8 for ionized metals and, possibly, hydrogen-in the region where their interesting lines are formed-we restrict our treatment to the Sl given by
1+6 which is equation (2) with the continuum term dropped and is rigorous for a two-level atom, since in this case 77 -^ = 0. Although e is not constant, we assume it so for simplicity, since this assumption will not alter the kind of result obtained, and compute solutions for a range in e. 
where
We assume r to be constant in depth, so r = r in the following. We comment later on the effect of variable r. For convenience we have suppressed the subscript v on r, I L , and g. If we assume LTE, S c = Sl = B PQ (T e ). According to the radiative equilibrium model, T e approaches a boundary temperature, TV Thus, under these two assumptions, Sl approaches B Vo (Tq) as t -> 0. For models derived without considering blanketing effects, T e changes by some 1500° between t c = 1 and 0, and B V(¡ (T¿) changes by about a factor of 5 at X 5000 A. Thus, if a line of residual intensity < 20 per cent or so is to be formed in LTE, we must assume that some mechanism such as blanketing depresses the boundary temperature T 0 . Making this assumption of LTE, we can use the observed intensity in the line to fix T e (r) empirically in the upper layers of the atmosphere and thus evaluate the blanketing empirically. Consider, however, the behavior of given by equation (4), retaining the assumption S c = B Vo (T¿)-
The Eddington approximation to the solution for /" is quite adequate for the degree of approximation of our treatment, and its form corresponding to equation (5) 
where Ap d is the Doppler half-width and subscript 0 denotes the line center, we obtain
We investigate solutions to equation (12) for S 6 depending upon r through
We solve equation (12) by the method of discrete ordinates, replacing the integral on the right by a sum. Since the weighting function, <£>", is Gaussian, the division points for Gaussian quadrature are based on the zeros of the Hermite polynomials. The division points and weights may be obtained from, e.g., Trumpler and Weaver (1953) . Thus we replace equation (12) by the set of n equations
whose solutions satisfying the thermodynamic condition, The last relation follows from the usual Eddington boundary condition,
which we have modified according to a suggestion by Krook (1955) , replacing the factor f by 3~1 /2 . Thus we obtain Sl = S 1 [i+/?ot 0 + 0-7) .
(20) a=l Table 1 exhibits numerical values of k a and L' a = (1 -y)L a in the third-order approximation for various y and a very strong line, r = 0, and ßo = 0. Setting ßo = 0 represents an attempt to mimic the isothermal upper layers of the classical atmosphere and should be of interest only in the centers of very strong lines. We have also tabulated Sl/Sc for various to.
We can remark qualitatively on the expected variation of ^ with t 0 when ß 0 3^ 0, by noting that the term fl v (p v dv in the expression for óz, is a diffusion term. For an atmosphere with constant T ey the presence of the boundary forces Sl to lie below S c and to approach it asymptotically as to increases. For a sufficiently steep gradient in T ey however, we have the possibility that in some regions we may obtain Sl > S c . Table 2 exhibits results, again in the third approximation, for 7 = 10 4 ; -10 10~2,10" 3 ,10" 4 , 0; and a = 1.5 (the value in the corresponding Eddington approximation for the continuum). Again we obtain Sl < S c , the same result obtained for a constant S c -This result is a consequence of the particular numerical values chosen for ß and 7, which are such that the change in S c over an optical length \7 1/2 (the characteristic optical length for the diffusion term) is small and is reflected in the negative values of the La. Evidently, to obtain Sl > S c , we need at least one La > 0, which is, in turn, most likely if (1 -ßo/xi) < 0 for one of equations (18). However, 1 _ do _ + ( 1 -03" 1 / 2 ) r 0 fo,) * *>+r 0 '
and our choice of a = 1.5 and ßo = insures that (1 -ßo/xi) > 0. We note now that the assumption of constant r is unrealistic when applied to the actual solar atmosphere in the region of line formation ; for t c /tl increases rapidly as we move downward from the low chromosphere to the upper photosphere. For example, the (Athay, Menzel, Pecker, and Thomas 1955) , while for the second quantum level of hydrogen it is some 1000 km (Athay and Thomas 1957) . If § represents the scale height, we can approximate this effect by replacing ß 0 by the value aro ( §atom/ §H-) rather than aro, which results in a possible increase by a factor of 10 or so in ß 0 . Since the increase in effective ß 0 holds only over limited regions of the atmosphere, an adequate treatment of this effect must include a numerical treatment of the actual variation of ro. We can, however, illustrate the nature of the effect by computation for the case ro = 10~3 and ßo = lOaro. Again we take 7 = 10 -4 . In Figure 1 we have represented S c and »Sl as functions of optical depth in the continuum. The broken line represents the case ßo = lOaro. The increàse in effective value of ßo should disappear somewhere in the region 0.01-0.1 for r c ; hence the Sl curve will bend over to meet that for Seit is very interesting to note that the empirical analysis of the early hydrogen lines (Athay and Thomas 1958) shows this same behavior of Sl relative to S c ; viz, T ex < T e for the upper atmosphere; T ex > T e for the lower. In Figure 2 we reproduce the relation found. This agreement of observation and theory in the general details of the relation between T ex and T e lends considerable support to our belief that we have obtained the general behavior of the source function for at least some resonance lines and strong subordinate lines in the atmosphere. How much more widely applicable the results are depends upon further investigation of the form of Nl for weaker subordinate lines. JOHN T. JEFFERIES AND RICHARD N. THOMAS We emphasize that the particular numerical results found here are crude; an extensive set of numerical calculations, allowing variable r and e, are in progress.
Finally, we should note another point. We see from Figure 1 that, by contrast with the case of a strong line-ro ^ 0-where the central intensity is fixed by y alone, the case of weaker lines with ro > 0 shows Sl (0) increasing with tq. This result is, of course, to be anticipated from equation (11) for \ v and emphasizes the necessity for a complete treatment, including the variation of r with depth. The point is, of course, particularly important for abundance analysis. Fig. 1 -SzJtc] and 5c[rc). The source function for line and continuum in a non-equilibrium atmosphere.
III. COMMENT ON THE FORM OF THE ABSORPTION LINE
With Sl from equation (20) and S c from equation (13), equations (8) and (9) give the emergent line profile In Figure 3 we represent equation (22) for the cases r 0 = 10" 3 , 10" 2 , 10" 1 , with y = 10~4 and ß -l.Sfo^v 1 at ¿i = 1. For comparison, we give in each case the line profile resulting from the use of Sl = S c . This profile is given by the first term in equation (22). We emphasize again the first-approximation nature of these profiles, computed as they are for the case of constant r. We are, however, primarily interested in illustrating the change in profile corresponding to the change in source function from that of equation (4) to that with Sl -S c -We feel that our calculations illustrate the physical highlights. The change resulting from variable r is illustrated by the dotted curve in Figure 3c , which has been computed for the case ß v = ISro^iT 1 . This curve should bend down to join that for ß v = l.Srocpÿ 1 at the line center and in the outer parts-but just where has, of course, not been specified. We note also that our results are not applicable in the wings, since we have used a pure Doppler profile for <£>". Bearing in mind these uncertainties, we can still draw several conclusions by comparing the profiles in Figure 3 . LOG r 
First, of course, the S to be used is S L +rS c 1+'
Second, Sl has no simple relation to S c . In the outer atmosphere, Sl < S c ; in the lower atmosphere, Sl > S c -Moreover, y and r differ from one line to another, and, even if we replace T e by T e x in our empirical analysis, we see from Figure 1 that we cannot expect to define a single T ex for several lines at a given point in the atmosphere. Thus, in addition lo the difference between Sl and S c exhibited by a single curve in Figure 1 , a composite curve constructed empirically from several lines would include segments from the several curves. This point was noted by Athay and Thomas (1958) in their empirical discussion of the hydrogen lines, and it is of interest that the Sl oí equation (4) predicts this effect. We note, of course, from Figure 1 that this effect is the more pronounced, the higher in the atmosphere one looks. We note also that, since we have not included the chromospheric temperature distribution in our analysis but have held to the simple photospheric relation of equation (13), we must expect the effect of the chromosphere to show up for the lines formed above the upper photosphere. In this paper, however, our objective has been to show that, even without a chromosphere, the effects introduced by departures from equilibrium enter in a serious way. The fact that the absorption lines are deeper than in LTE results in an increase in equivalent width, over the value computed for LTE, and the differential increase increases with the magnitude of the equivalent width. These effects are such as to lead to an overestimate of "turbulence" and abundance values if the total absorption is analyzed in terms of a curve of growth computed under the assumption S L = S cAny quantitative discussion is, however, best postponed until more complete calculations have been made.
Finally, we note that the lines have about the same half-width as in the case S c = Sl but are considerably steeper. Again, a discussion in terms of the obvious remarks on "turbulence" inferred from line profiles and the suitability of representing these profiles in terms of Voight profiles is best postponed until detailed calculations have been performed. We should, however, note that even for a weak line, if equation (7) is valid for Sl, the line profile measures the depth dependence oí Sl and not the profile of the absorption coefficient.
